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1 Introduction 

In this paper we study the following problem: 

— e 2 div (J(x)Vu) + V(x)u = u p in Q, 

— = on oil, 

ov 

where Q is a smooth bounded domain with external normal u, N ^ 3, 1 < 
p < (N + 2)/(N - 2), J : R N R and V : R N — > R are C 2 functions. 
When ,7 = 1 and V = 1, then (1) becomes 

= u p in Q, 
on 

Such a problem was intensively studied in several works. For example, Ni & 
Takagi, in [11, 12], show that, for e sufficiently small, there exists a solution 
u e of (2) which concentrates in a point Q e G dfl and H(Q £ ) — ■> max^Q if, here 
if denotes the mean curvature of dfl. Moreover in [10], using the Liapunov- 
Schmidt reduction, Li constructs solutions with single peak and multi-peaks 
on dQ located near any stable critical points of H. Since the publication of 
[11, 12], there have been many works on spike-layer solutions of (2), see for 
example [5, 6, 7, 8, 9, 14] and references therein. 

* Supported by MIUR, national project Variational methods and nonlinear differential 
equations 
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What happens in presence of potentials J and V? 

In this paper we try to give an answer to this question and we will show 
that, for the existence of concentrating solutions, one has to check if at least 
one between J and V is not constant on dVL. In this case the concentration 
point is determined by J and V only. In the other case the concentration 
point is determined by an interplay among the derivatives of J and V calcu- 
lated on dQ and the mean curvature H. 

On J and V we will do the following assumptions: 

(J) J G C 2 (f2,R), J and D 2 J are bounded; moreover, 

J{x) ^ C > for all x G fi; 

(V) V G C 2 (f2,R), V and D 2 V are bounded; moreover, 

V(x) ^ C > for all x G fi. 

Let us introduce an auxiliary function which will play a crucial role in 
the study of (1). Let T: dfl — > R be a function so defined: 



Let us observe that by (J) and (V), T is well defined. 
Our first result is: 

Theorem 1.1. LetQo G dQ. Suppose (J) and (V). There exists Eq > such 
that if < e < Eq, then (1) possesses a solution u £ which concentrates in Q e 
with Q e — > Qq, as e — * ; provided that one of the two following conditions 



(a) Qq is a non-degenerate critical point of T; 

(b) Qq is an isolated local strict minimum or maximum ofT. 

Hence, if J and V are not constant on the boundary dQ, the concentration 
phenomena depend only by J and V and not by the mean curvature H. 
Our second result deals with the other case and, more precisely, we will 
show that, if J and V (and so also V) are constant on the boundary, then 
the concentration phenomena are due by another auxiliary function which 
depends on the derivatives of J and V on the boundary and by the mean 
curvature H . Let E : dVt — > R be the function so defined: 



r(Q) = V(Q) 



P+l N 
p-1 2 



(3) 



holds: 




V\Q)[x}[U{k 2 x)] 2 dx-hH(Q), (4) 
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The shape of Vk 




Figure 1 



where U is the unique solution of 

-AU + U = U P in IF, 
U > in R N , 

U (0) = max R jv U, 

v{Q) is the outer normal in Q at Q, 

R HQ) = { x eR N :x- v{Q) < 0} , 

and, for i = 1, ... ,4, hi are constants which depend only on J and V and 
not on Q (see Remark 5.3 for an explicit formula). 
Our second result is: 

Theorem 1.2. Suppose (J) and (V) with J and V constant on the boundary 
dQ. Let Qo £ dQ be an isolated local strict minimum or maximum of S. 
There exists e > such that if < e < Eq, then (1) possesses a solution u £ 
which concentrates in Q e with Q £ — > Q , as e — > 0. 

Example 1.3. Suppose that ,7 = 1 and /ia; any Qo £ <9^- For fc £ N, /et 

\4 a bounded smooth function constantly equal to 1 on i/ie <9Q and in iae 
whole Q, except a little ball tangent at dQ in Q , with VVfc(Qo) — — kv{Qo) 
(see figure 1). 

It is easy to see that, outside a little neighborhood of Qo in dQ, we have 

E(Q) = -dH(Q), 

while 

S(Q ) = -CiH(Q ) + kC 2 , 



3 



where 



C 2 




2 p+1 



1 



v(Qo) ■ x U 2 dx. 



) 



-4. 



z J{i/(Qo) x^O} 

Smce C*2 > ; we can choose k ^> 1 swc/i t/iat Qo absolute maximum 

point for E and hence there exists a solution concentrating at Qq. 

Theorem 1.1 will be proved as a particular case of two multiplicity re- 
sults in Section 6, where we will prove also Theorem 1.2. The proof of the 
theorems relies on a finite dimensional reduction, precisely on the perturba- 
tion technique developed in [1, 2, 3]. In Section 2 we give some preliminary 
lemmas and some estimates which will be useful in Section 3 and Section 4, 
where we perform the Liapunov-Schmidt reduction, and in Section 5, where 
we make the asymptotic expansion of the finite dimensional functional. 

Finally we mention that problem (1), but with the Dirichlet boundary 
conditions, is studied by the author and by S. Secchi in [13], where we show 
that there are solutions which concentrate in minima of an auxiliary function, 
which depends only on J and V . 

Acknowledgments The author wishes to thank Professor Antonio Am- 
brosetti and Professor Andrea Malchiodi for suggesting the problem and for 
useful discussions. 



• R* EE {(X!,...,X N ) ER N :x N > 0}. 

• If \i E R , then R~ = jx G M, N : x ■ ji ^ 0}, where with x ■ ji we denote 
the scalar product in M. N between x and \i. 

• If r > and x E R N , B r (x ) = {x E R N : \x - x | < r}. We denote 
with B r the ball of radius r centered in the origin. 

• If u: R N -> R and P E R N , we set u P = u(- - P). 

• If is the function defined in (6), when there is no misunderstanding, 
we will often write U instead of . Moreover if P = Q/e, then 

Up EE U Q (- - P). 

• If Q E dfl, we denote with v{Q) the outer normal in Q at Q and with 
H(Q) the mean curvature of dQ in Q. 



Notation 
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If £ > 0, we set Vt £ = Vt/e = {x E M. : ex E VI}. 

We denote with || ■ || and with (• | •) respectively the norm and the 
scalar product of i/ 1 (fi e ). While we denote with || • || + and with (■ | -) + 
respectively the norm and the scalar product of if 1 (M^ r ). 

If P E dVl £ , we set dp i = where {ei, . . . , e^-i} is an orthonormal 
basis of T P (dVt £ ). Analogously, if Q E <9f2, we set &Q i = where 
{ei, . . . , 67V— 1} is an orthonormal basis of TQ^dfl). 



2 Preliminary lemmas and some estimates 

First of all we perform the change of variable x 1— >• ex and so problem (1) 
becomes 

— div (J(ex)'Vu) + V(ex)u = u p in f2 e , 

— = on dtt £1 
av 

where Q £ = e^ 1 ^,. Of course if u is a solution of (5), then u(-/e) is a solution 
of (1). 

Solutions of (5) are critical points u E H l {Vt £ ) of 



fj u ) = - J(ex)\Vu\ 2 dx + - / V(ex)u 2 dx — 

2 Jn £ 2 Jo p+1 Jn 



\u 



IP+l 



The solutions of (5) will be found near a U®, the unique solution of 

-J(Q)Au + V(Q)u = u p inR N , 
u>0 in R N , 

u(0) = maxjgiv u, 

for an appropriate choice of Q E dQ. It is easy to see that 

TJQ{ X ) = V(Q)^ U (xy/V(Q)/J(Q)) , (6) 

where U is the unique solution of 

-AU + U = U P inR N , 
U>0 in R N , 

U (0) = max R jv U, 

which is radially symmetric and decays exponentially at infinity with its 
derivatives. 
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We remark that is a solution also of the "problem to infinity" : 

-J(Q)Au + V(Q)u = u v inM^, 

^ = on 8R+. (? 

ov 

The solutions of (7) are critical points of the functional defined on H 1 {M.^) 



F^{u) = \j{Q) [ \Vu\ 2 + \v{Q) I 



u 2 -— / (8) 



p+1 

We recall that we will often write U instead of U® . If P = s~ l Q £ d£l e , 
we set Up = U Q {- - P) and 

Z £ = {U P :P e dVt £ }. 

Lemma 2.1. For all Q £ dQ and for all e sufficiently small, if P = Q/e £ 
dVt £ , then 

\\Vf E {U P )\\=0{e). (9) 



Proof 



(Vf £ (U P ) | v) = [ J{ex)VU P ■ Vv + f V{ex)U P v - [ U* 



J(sx + QWU -Vv_ P + / V(ex + Q)Uv. P - / U p v_ P 

n-Q J Q-Q J Q-Q 

£ £ £ 

= / J{Q)VU ■ Vv_ P + [ V{Q)Uv_ P - [ U p v_ P 

J n-Q J n-Q J n-Q 

e £ £ 

+ / {J {ex + Q)- J(Q))VU ■ Vv.p + / {V(ex + Q) - V{Q))Uv. P 

J n-Q J n-Q 

£ £ 

[-J{Q)AU + V{Q)U-U p )v- P + J{Q) [ 



+ / {J {ex + Q)- J{Q))VU ■ Vv^p + / {V{ex + Q) - V{Q))Uv_ P . 

J n-Q J n-Q 

£ £ 

Hence, since U = is solution of (7), we get 

(Vfe(U P ) | v) = J{Q) [ + / {J{sx + Q)- J(Q)) W ■ Vv.p 

Jan. ov Ji±_q 

+ [ {V{£x + Q)-V{Q))Uv_ P . (10) 

/ n-Q 



Let us estimate the first of these three terms: 

dU P 



J(Q) 



an E 



dv 



< C\\v\\ L 2 {9Qe) 



an E 



dv 



1/2 



First of all, we observe that there exist > and C > such that, for all 
e G (0,£o) and for all v G i/ 1 (fi £ ), we have 

IMU 2 (9fi e ) ^ C\\v\\ H i( n£ y 

Moreover, after making a translation and rotation, we can assume that Q 
coincides with the origin O and that part of dQ is given by x^ = ip{x') = 
\Yl!i=i ^i x 1 + ^(k'l 3 ) f° r \ x '\ < /•*) where /i is some constant depending 
only on Q. Then for \y'\ < fi/e, the corresponding part of dQ e is given by 
y N = V(y') = e^ipiey') = § Kyf + 0(e 2 |y'| 3 ). Then it is easy to see 

that 



%{v'Mv')) = e 



'N-l 



N-l 



£A^-( y ,o)--^G/,o)2> 



+ 0{e 2 ). 



.1=1 i=l 

Let us observe that by the exponential decay of U and of its derivatives, we 
get: 

2 



an, 



dU 



dv 



an e 



N-l 



N-l 



i=l 



2 8y 



where d£l £ = dVt e n B £ -i/2. Therefore 



an £ 



dU 



dv 



1/2 



an e nB _ l/2 



N 



dU 



i=i 



+o(e 2 ) = 0(e' 



dv 



1/2 



o(e) = 0(e). 



'ID 



Let us calculate the second term of (10). We start observing that, from the 
assumption D 2 J bounded, we infer that 

\J(ex + Q) - J(Q)\ < e\J\Q)\\x\ + Cl e 2 \x\ 2 , 

and so, using again the exponential decay of U and of its derivatives, 



/ (J(ex + Q)- J(Q))VU-Vv- P ^ \\v\\l f \J{ex + Q) - J(Q)\ 2 \VU\ 

e \ e 



1/2 



^ C2 M 



e 2 \J\Q)m\^U\ 



e 4 |x| 4 |Vf/| 



1/2 



0{e)\\v\\. (12) 
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Analogously, we can say that: 

/ (V(ex + Q) - V(Q))Uv- P = 0(e)\\v\\. (13) 

J n ~Q 

Now the conclusion follows immediately by (10), (11), (12) and (13). □ 



We here present some useful estimates that will be used in the sequel. 
Proposition 2.2. Let P = Q/e E dVt £ . Then we have: 

K +1 = [ (U^-e^l [ [U%',0)] p+1 \yfdy' + o(e), (14) 



dU P (N-l)H(Q) 

~^ UP ~ ~ £ A 



[U Q (y',0)] 2 dyi + o(e), (15) 



J(Q) [ \VU P \ 2 + V(Q) [ Up 



eJ{Q) 



2 

(N-1)H(Q) 
4 



[U^y',0)] P+1 \yfdy' 

[uQ(y',0)] 2 dy' + o(e), (16) 



/ J{ex)\VU P \ 2 = J(Q) [ \VU P \ 2 + ef J'(Q)[x]\\7U Q \ 2 + o(e), (17) 

v(Q) 



[ V(ex)U 2 = V(Q) [ U 2 +e [ V'(Q)[x] (U Q f + 

v(Q) 



o e 



Moreover, we have 



U P P dpJJp = £——Cd Qi T(Q) + o(e), 



p+1 



J{Q) [ \VU P \ 2 + V(Q) [ U 2 
where C = J rN U p+1 and T is defined in (3). 



eCd Q T(Q) + o(e) 



(19) 
(20) 



Proof The first two formulas can be proved repeating the arguments of 
Lemma 1.2 of [10]. Equation (16) follows easily by (14) and (15) observing 
that 

J(Q) / \VU P \ 2 + V{Q)( V%= f U P +1 + J(Q)[ ^U P . 
Let us prove (17). Arguing as in the proof of (12), we infer: 
/ J{ex)\VU P \ 2 = [ J(ex + Q)\VU Q \ 2 

£ 

= J(Q) [ \VU Q \ 2 + e [ J'(Q)[x]\VU Q \ 2 + o(e) 

£ £ 

= J{Q)f \VU P \ 2 + e! J\Q)[x\\VU Q \ 2 + o{e). 

We can prove equation (18) repeating the arguments of (17). 
Since 

/ Up dpxjp = -^—d Pi [ up- 1 , 

equations (19) and (20) follow easily because, as observed by [10], the error 
terms 0(e) in (14) and (16) become of order o(e) after applying dp i to them. 
□ 



3 Invertibility of D 2 f £ on (T Up Z £ ) 

In this section we will show that D 2 f £ is invertible on (Tu P Z £ ) ± , where Tu P Z £ 
denotes the tangent space to Z e at Up. 

Let L £t Q : (TjjpZ 6 ) 1 - —> (TjjpZ 6 ) 1 - denote the operator defined by setting 

(L e , Q v\w) = D 2 f e (Up)[v,w]- 

Lemma 3.1. There exists C > such that for e small enough one has that 
\{L e>Q v | v)\ > C\\v\\ 2 , Vve [T Up Z^. (21) 

Proof By (6), if we set a(Q) = V(Q)^ and (3(Q) = y / V(Q)/J(Q), we 
have that U®(x) = a(Q)U((3(Q)x). Therefore, we have: 

8 Pi U Q {x -P) = 8 Pi [a{eP)U{(3{eP){x - P))] = 
ed Pz a(zP)U Q (f3(eP)(x - P))+ea(eP)d Pz f3(eP)VU Q (f3(eP)(x - P)) ■ (x - P) 
-a(eP)P(eP)(d Xi U Q )(P(eP)(x - P)). 
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Hence 

d Pi U Q (x -P) = -d Xi U Q (x -P) + 0(e). (22) 

For simplicity, we can assume that Q = sP is the origin O. 

Following [10], without loss of generality, we assume that Q = eP is the 
origin O, xn is the tangent plane of dQ at Q and v(Q) — (0, . . . , 0, —1). We 
also assume that part of dQ is given by xn = ip(x') = \ J2i=i ^i x l + 0(|x'| 3 ) 
for \x'\ < fi, where [i is some constant depending only on Q. Then for \y'\ < 
fi/e, the corresponding part of dQ £ is given by x/n = ^(y') = £~ 1 4'(£y') = 

We recall that T v oZ £ = spa,n H i^{d Pl U , . . . , dp N _ 1 U°}. We set 

V £ = span^^^f/ ,^^ ,...,^^ }, 
V+ = span Hl{R N ) {U°,d Xl U°,...,d XN _ 1 U°}. 

By (22) it suffices to prove (21) for all v 6 span{U° , <fr}, where <fi is orthogonal 
to V s . Precisely we shall prove that there exist C\,Ci > such that, for all 
e > small enough, one has: 

{L e>0 U° | U°) ^ -d < 0. (23) 
(L £ , o 0|0) ^ C 2 U\\ 2 . (24) 

The proof of (23) follows easily from the fact that U° is a Mountain Pass 
critical point of F° and so from the fact that there exists Co > such that, 
for all e > small enough, one finds: 

D 2 F°(U°)[U o ,U o }<-c <0. 

Indeed, arguing as in the proof of Lemma 9 (see (12) and (13)) and by (14) 
and (16), we have: 

(L £ , U° \U°)= [ J(ex)\VU°\ 2 + [ V(ex)(U°) 2 - p [ {U°f +1 
Jn E Jn E Jn E 

= J(0) [ \VU°\ 2 + V(0) [ (U°) 2 -p [ (U°) p+1 + 0(e) 
= D 2 F°(U )[U°, U°] + 0(e) < -c + 0(e) < -C x . 
Let us prove (24). 

As before, the fact that U° is a Mountain Pass critical point of F implies 
that 

D 2 F°(U°)[^}>c l U\\l V0LV+. (25) 
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Let us consider a smooth function xi '■ 



Xi( x ) = 1) for \x\ ^ e 



-1/8. 



■>N 



Xi( x ) 



such that 



0, for |ar| ^ 2s~ 1/8 ; 



\V X i(x)\ ^ 2e 1/8 , for s~ 1/8 ^ \x\ < 2^ 1/8 . 
We also set X2( x ) — 1 — Xi( x )- Given _L V e , let us consider the functions 

&(a0 = X»(a ? )^(a ? )» i = l,2. 
If <5 7^ 0, then we would take 

<f>i(x) = Xi( x ~ P)<f>(%), i = l,2. 
With calculations similar to those of [3], we have 

||0irHWr + ||0 2 || 2 + 2 / XiX2(<P 2 + \V<P\ 2 )+0(e^)U\\ 2 . (26) 



We need to evaluate the three terms in the equation below: 

(L £ , o | 0) = {L e , <t> x | fa) + (L £j0 fa | 2 ) + 2(L £) o0! | fa). (27) 

Let us start with (L £) ofa I 0i)- 

Let rj = 7] £ a smooth cutoff function satisfying 

7?(y) = 1, for \y\ ^ s' 1 / 4 ; rj(y) = 0, for \y\ ^ 2e~ 1 / i ; 

\Vv(y)\ < 25 1 / 4 , for e~ 1/4 ^ \y\ < 2s^ l/ \ 



Now we will straighten dVt £ in the following way: let $: IR/v H B £ -i/2 
be a function so defined: 



Hv'iVn) = (y',y N + V(y')). 



We observe that: 



/ 1 



D$(y) 

Let us defined fa G if 1 (M+) as: 

A(y) = 



0\ 





1 



/ 



MHv))v(y) u\y\<e- 1/2 , 
if jj/j > e^ 1 / 2 . 



n 



We get: 



|V0!| 2 



|v[<M$(?/))]| 2 ^ 



-1/4 



JV-1 

ffi + nB 2e- 1 /4 i=l 



OXi OX N 



|(Vfc)(*)| a + 0( e 7 / 8 )|M| 



+ 



dx 



!(<&) 



N 



o{e)\W 



Analogously, we have: 



and so 

Let us now evaluate (L e C >0 1 |0 1 ): 



\V<pi\ 2 + 0{e 



7/8 



He 



illMMI' + OC^W 



{L e ,o<f>i\<i>i)= / JM|V0!| 2 + / V(ex)<p\- P (t/°) p -V 2 
./n s ./n s ./fi e 

= j(o)/ |v^i| 2 + v(o) / 2 -p/ (f/°rV 2 
+ £ / /(o)[i]|v^| a + e / n<?)M0 2 + ^)M 2 
= j(0)/ \v^\ 2 + v(0) f cft-pf (uvy^l + o^uf 



D*F°{U°)[^Ai]-P I ([U°m p - l -{Uy- x )^ + 0{eV*)U\\ 



We have: 



7 2 



([c/°($)] p - 1 - (t/ )^ 1 ) 

= O(. 3 / 4 )||0 1 || 2 = O(e 3 / 4 )||0|| 2 . 
Therefore, we have that 



(28) 
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We can write <p\ = £ + (, where (G V + and ( _L V+. More precisely 

N-l 



On -2 



e = (A I c/°) + c/ ||c/°||; 2 + I d Pi u°) + d Pi u°\\d Pi u 

1=1 

Let us calculate (^ilt/ )-).. 

(0! 1 f/°)+ = f ■ w° + / ixU° 

Jr* Jr* 

= [ V [<M$(y))] • W° + / M*(y))U° 

^R^nB 2e _ 1/4 7R^nB 2e _ 1/4 

= / [cvw(»).vc^+^(*)^]+ex: / 

</iR?n.B 2£ _ 1/4 ^ JRynB 2£ _ 1/4 c^iv eta* 

= / v<p 1 -vu°($- 1 )+ [ ( p 1 u ^- 1 ) + o(s 7/8 )U\\ 2 

= [ Vfa-Vl/O+f <p 1 U° + 0(s^)U\\=0(e^)U\\. 

In an analogous way, we can prove also that (0i | dp i U°) + = 0(£ 3 / 4 )||</>||, 
and so 

||e|| + = 0(e^)Ul (29) 
||C|| + = \\M + 0(e^)U\\. (30) 

Let us estimate D 2 F°(U°)[<p 1 ,<pi]. We get: 

D 2 F°(f/°)[^]^ 

(31) 

By (25) and (30), we know that 

D 2 F°(U )[CX] > ciilClll = ci||0i|| 2 + Oie^UW 2 , 
while, by (29) and straightforward calculations, we have 

By these estimates, (31) and (28), we can say that 

(L £iO 1 |0 1 )>ci||0iir + O(e 3 / 4 )||0|| 2 . (32) 
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Using the definition of Xi an d the exponential decay of U° , we easily get 
(W2I02) > c 2 ||0 2 || 2 + o(e)||0|| 2 , (33) 



Mil« > c 3 ^ + O(£ 1 /«)||0||^ (34) 

where 1^ is defined in (26). Therefore by (27), (32), (33), (34) and recalling 
(26) we get 



This completes the proof of the lemma. □ 



4 The finite dimensional reduction 

Lemma 4.1. For e > small enough, there exists a unique w = w(e,Q) G 
(TupZ 6 ) 1 - such that V f £ {Up + w) G T Up Z. Such a w(e,Q) is of class C 2 , 
resp. C 1,p_1 , with respect to Q, provided that p ^ 2, resp. 1 < p < 2. 
Moreover, the functional A £ (Q) = fe{UQ/£ + w(e,Q)) has the same regularity 
of w and satisfies: 

VA £ (Qo) = ^ V/ £ (t/ Qo/£ + w(e, Q )) = 0. 

Proof Let V = V £) q denote the projection onto (T^Z 5 )- 1 . We want to 
find a solution w G (TupZ 6 ) 1 - of the equation W f e (Up + w) — 0. One has 
that Vf e (U P + w) = Vf £ (Up)+D 2 f £ (Up)[w} + R(U P ,w) with ||i2(C^,«;)|| = 
o(||w||), uniformly with respect to Up. Therefore, our equation is: 

L e , Q w + VVf £ (Up) + VR(U P , w) = 0. (35) 

According to Lemma 3.1, this is equivalent to 

w = N £iQ (w), where N £>Q (w) = -L £>Q (VVf £ (U P ) + VR(U P , w)) . 

By (9) it follows that 

\\N £ , Q (w)\\=0(e) + o(\\w\\). (36) 

Then one readily checks that N £> q is a contraction on some ball in (Tu p Z £ ) 
provided that e > is small enough. Then there exists a unique w such that 
w — N £> q(w). Let us point out that we cannot use the Implicit Function 
Theorem to find w(e, Q), because the map (e, it) 1— > Wf £ (u) fails to be C 2 . 
However, fixed e > small, we can apply the Implicit Function Theorem to 
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the map (Q, w) \— > Wf £ (Up + it)). Then, in particular, the function w(e, Q) 
turns out to be of class C l with respect to Q. Finally, it is a standard argu- 
ment, see [1, 2], to check that the critical points of A e {Q) = f £ (Up + w) give 
rise to critical points of f e . □ 



Remark 4.2. From (36) it immediately follows that: 

HI = 0(e). (37) 
For future references, it is convenient to estimate the derivative dp i w. 
Lemma 4.3. // '7 = min{l,p — 1}, then, for i = 1, . . . , N — 1, one has that: 

\\d Pi w\\ = O(eT). (38) 

Proof We will set /i(C/>, iu) = (U P + w) p - U P - pU P ^w. With these 
notations, and recalling that L £: qw = — div( J (ex) Vw) + V(ex)w — pU P ~ l w, 
it follows that, for all v e (TupZ 6 )- 1 , since iw satisfies (35), then: 

/ J(ex)VU P ■ Vv + [ V(ex)U P v- [ U P v 

+ J(ex)Vw ■ Vv + / V(ex)wv-p U p ~ x wv - h(U P ,w)v = 0. 

Hence d Pi w verifies: 

f J {ex) V(d P XJ P ) - Vv + f V(ex)(d Pi U P )v-p f U^^dp^v 
Jn e Ju e Jn s 

+ [ J(ex)V(d Pi w)-Vv+ I V(ex)(d Pi w)v-p I U^- 1 (d Pt w)v 

-p(p-l) [ U p - 2 (d Pi U P )wv- [ [h Up (d Pi Up) + h w (dp iW )}v = 0. (39) 

Let us set V = L £ .q — h w . Then (39) can be written as 

(L'(d Pi w) \v)=p(p-l) [ U P ~ 2 (d Pi Up)wv+ [ h Up (d Pi U P )v 

-[ J(ex)V(dp.U P ) ■ Vv - I V(ex)(d Pi U P )v + p [ U p - x (d Pi Up)v. 
Jci s Jn s Jn £ 

(40) 
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It is easy to see that 

p(p-l) / U p p - 2 (d Pi U P )wv 
and, if 7 = min{l,p — 1}, 



^ Ci||w|| llul 



hu P (d Pi Up)v 



^ C2||w|| 7 ||f I 



(41) 



(42) 



Let us study the second line of (40). We recall that often we will write 
U instead of U®. Reasoning as in the proof of Lemma 9 (see (12) and (13)), 
we infer: 



1= f J(ex)W(d Pi Up) ■ \7v+ f V(ex)(dpU P )v-p [ U p -\d P V P )v 
Jn s Ju e isi E 

= / J(Q)V(d Pi U)- Vv_ P + f V(Q){d Pi U)v_ P 

J n-Q J n-Q 

+e f J'{Q)[x-P]V{d Pi Up)- Vv + e f V\Q)[x - P){d Pi U P )v 
-P f U p -\d Pi U P )v + 0{e)\\v\\. 

Suppose, for simplicity, Q coincides with the origin O and that part of 
dQ is given by xn = ip{x') = | X^i" 1 + 0(|x'| 3 ) for \x'\ < fi, where \x is 
some constant depending only on Q. Then for \y'\ < fife, the corresponding 
part of dVt £ is given by y N = = e~ l ip(ey') = § hvl + 0(e 2 \y'\ 3 ). 

Since by (22) d Pi U P = —d Xi Up + 0(e), by integration by parts, we get: 

ef J'(Q)[x-P]V(d Pi U P )-Wv = ef d Qi J(Q)VU P ■ Vv + 0(e)\\v\\, 

ef V'{Q)[x-P}{d Pi Up)v = ef d Q V(Q)U P v + 0(e)\\v\\. 
Jn e Jn E 

Hence 

1= f J(Q)V(d Pi U P ) -Vv + e f d Qi J{Q)VU P ■ Wv 

+ f V(Q)(d Pi U P )v + e f d Q V(Q)U P v-pf U p P \d Pi U P )v + 0(e)\\v\\. 
Ja e Jn £ Ja e 

Being U = solution of (7), we have that 

-J(Q)A(dp i U)-ed Qi J(Q)AU+V(Q)(dp i U)+ed Q V(Q)U-pU p ~ 1 (dp i U) = 
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and so 



1 = J ^ I ir( d p* u p) v + £d Qi J (Q) 

Jan, ° v 



v + 0(e)\\v\ 



i an, dv 

Arguing again as in the proof of Lemma 9 (see (11)), we can prove that 



J(Q) 



an. 



d_ 

dv 



(d Pi U P )v + ed Qi J(Q) 



dU P 
dv 



0(s)\\v\\. 



Hence 



I = 0(e 3/4 )\\v\\. (43) 
Putting together (40), (41), (42) and (43), we find 

\(L'(dw t )\v)\ = (c 3 \\wr + 0(e))\\v\\. 

Since h w — > as w —> 0, the operator L', likewise L, is invertible for e > 
small and therefore one finds 

H^PiHI ^ ^IMI 7 + 0(e). 
Finally, by Remark 4.2, the Lemma follows. □ 



5 The finite dimensional functional 

Theorem 5.1. Let Q G dfl and P = Q/e E <9f2 e . Suppose (J) and (V). 
Then, for e sufficiently small, we get: 

MQ) = f £ (U P + w(e, Q)) = c T(Q) + sE(Q) + o(e), (44) 

where T is the auxiliary functions introduced in (3), 



1 



U p+1 



2 p+1, 

T 

and X : dQ — > M. is so defined: 
E(Q) = lf J\Q)[ x ]\VU Q \ 2 dx+ l - [ V'(Q)[x](U Q ) 2 dx 

- l -B^J(Q)H(Q) - Q - A Q H(Q), (45) 
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with 

A Q = - f [U Q (x',0)] P+1 \xfdx\ 

BQ = i^fH / [U Q (x',0)] 2 dx. 
4 Jrn-1 

Moreover, for all i = 1, . . . , N — 1, we get: 

d Pt MQ)=ec d Qi T(Q)+o(e). (46) 

Proof In the sequel, to be short, we will often write w instead of w(e, Q). 
It is always understood that e is taken in such a way that all the results 
discussed previously hold. 

First of all, reasoning as in the proofs of (17) and (18) and by (37), we 
can observe that 



/ J{ex)VU P ■ Vw = J{Q) [ VU P -Vw + o(e), 



(47) 



We have: 



V(ex)U P w = V(Q) / U P w + o(e). (4* 



MQ) = fe(U P + w(e,Q)) 



\ I J(ex)\V(U P + w)\ 2 + l - I V{ex)(U P + wf--±- j 



p+i 
p 



[by (37)] 

= \l J(ex)\VUp\ 2 + 1 - I V{ex)U P - l -{ V 
+ / J{ex)VU P ■ X7w + f V(ex)U P w- [ U P w+(- — ) f U 

~~T / [(Vp + W ) P+1 ~ U p +1 ~(P + VVp w ] + °( £ 



p+i 
p 
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[by (16), (17), (18), (47) and (48) and with our notations] 

= \j U p+1 - £ -A^H(Q) - £ -B®J(Q)H(Q) + \ f J'(Q)[x]\VU\ 

+ v(Q) 

+|/ V\Q)[x]U 2 - \ I U^ + £ -A^H(Q) 
+J(Q) [ VU P -Vw + V{Q) I U P w- I U p w 
+ f U^ 1 -e(l-^—]A^H(Q) + o(e). 



2 p+lJJ R N \2 p+1 



From the fact that U is solution of (7), we infer 

J{Q) [ VU P -Vw + V{Q) [ U P w- [ U p w 

[-J(Q)AU P + V(Q)U P -U p }w + J{Q) [ 

Jd 



dU P 
— w 



I = o(e). 



By these considerations we can say that 

MQ) ={\- -4t) / UP+1 

\2 p+1 J J R N 



+ e 



\! J\Q)[x]\VU\* + \ I V'(Q)[x}U 2 

v(Q) v(Q) 

- l -B^J{Q)H{Q) - Q - A Q H(Q) 



O £ . 



Now the conclusion of the first part of the theorem follows observing that, 
since by (6) 

U<}( x ) = V(Q)^ U (xy/V(Q)/J(Q)) , 

then 

f U p+1 = V(Q)&-%J(Q)% f U p+1 . 

./R^ J R N 

Let us prove now the estimate on the derivatives of A £ . First of all, we 
observe that by (9) and by (38), we infer that 

\Vf e (U P )[dpM\=0(e 1+ ^, 
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and so, by (37) and (38), we have: 

d Pi A £ (Q) = Vf £ (U P + w)[d Pi U P + d Pi w] = Vf £ (U P + w)[d Pi U P ] + 0(e 1+ ^ 
= Vf £ (U P )[d Pi Up} + D 2 f e (U P )[w,d Pi Up] 
+ (Vf £ (Up + w)- Vf £ (U P ) - D 2 f £ (U P )[w}) [dpJJp] + 0(e 1+ ^). 

But 

\\Vf £ (U P +w)- Vf £ (U P ) - D 2 f £ (U P )[w}\\ = o(\\w\\) = o(e) 
and, moreover, by (35) also D 2 f £ (U P )[w,d Pi U P ] = 0(e 1+,y ), therefore 

d Pi MQ) = Vf £ (Up)[d Pi Up] + 0{e l+ ^). (49) 
Let us calculate V f £ {U P )[d Pi U P ]. 

V fe(U P )[d Pi U P }= I *J{ex)VU P -V{d Pi U P )+ fv{ex)U P {d Pi U P )- fu p P {d P JJ P ) 
Jq e Jn e Jn E 

= J(Q) [ VU P ■ V(d Pi U P ) + V(Q) [ U P (d Pi U P ) 
+ef J'(Q)[x}VU-V(d Pi U)+ef V\Q)[x\U{d Pi U)- fu p P (d Pi U P )+o(e). 

v{Q) R HQ) E 

Suppose, for simplicity, Q coincides with the origin O and that part of 
dVt is given by xn = 4>(x') = | J^^ 1 + 0(|x'| 3 ) for \x'\ < where fj, is 
some constant depending only on Q. Then for \y'\ < n/e, the corresponding 
part of dn £ is given by y N = V(y') = e^ey') = § j^t'i 1 X iV 2 + 0(e 2 \yf). 

Since by (22) d P JJ P = —d Xi U P + 0(e), by integration by parts, we get: 



J'(Q)[x]WU-W(d Pi U) 



"(Q) 



V'(Q)[x]U(d Pi U) 



V(Q) 

Therefore we infer 



Vf £ {U P )[d Pi U P ] = -d Pi 



d Qi J{Q)\VUf 



'(Q) 



d Q V(Q)U 2 - 



HQ) 



J(Q)f \VU P \ 2 + V(Q)[ Uj, 



Up (d Pl U P )+o(e) 



and so, by (19) and (20), 



Vf £ (U P )[d Pi U P ] 



JJP+l 



p + l 

By this equation and by (49), (46) follows immediately 



d Q T(Q) = ec d Q T(Q) + o(e). 



□ 
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Remark 5.2. Let us observe that by (44) and (46), fore sufficiently small, 
we have 

\\A £ -c T\\ c i m) =O(e). (50) 

Remark 5.3. By (6), it is easy to see that, if J and V are constant on the 
boundary dQ, then E, defined in (4), coincides with E, defined in (45) with 
the following definitions: 



C.j EE J, 



fcl 



Ian' 



p+i 



2C^ 

fa = *S£= 



= Men' 

fa = \fCvJC~j-, 

k 4 EE -lBC.7 - 



2 _ 



where 



p+i 



A 
B 



(C v )t 



(N-l)(C v )v- 



U(x'^/C^/C~j,0 



ip+i 



dx' . 



6 Proofs of Theorem 1.1 and Theorem 1.2 

In this section we will state and prove two multiplicity results for (1) whose 
Theorem 1.1 is a particular case. Finally we will prove also Theorem 1.2. 
Let us start introducing a topological invariant related to Conley theory. 

Definition 6.1. Let M be a subset ofR N , M ^ 0. The cup long l(M) of M 
is defined by 

l(M) = 1 + sup{A; e N | 3 a u . . . , a k e H*(M) \ 1, oti U . . . U a k ^ 0}. 

If no such class exists, we set l(M) = 1. Here H*(M) is the Alexander 
cohomology of M with real coefficients and U denotes the cup product. 

Let us recall Theorem 6.4 in Chapter II of [4]. 

Theorem 6.2. Let N a Hilbert-Riemannian manifold. Let g e C 2 (N) and 
let M C N be a smooth compact nondegenerate manifold of critical points of 
g. Let U be a neighborhood of M and let h £ C 1 (N). Then, if \\g — h\\ c i^ 
is sufficiently small, the function g possesses at least l(M) critical points in 
U. 
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Let us suppose that T has a smooth manifold of critical points M. We say 
that M is nondegenerate (for T) if every x £ M is a nondegenerate critical 
point of rWx. The Morse index of M is, by definition, the Morse index of 
any x £ M, as critical point of T| M x. 

We now can state our first multiplicity result. 

Theorem 6.3. Let (J) and (V) hold and suppose T has a nondegenerate 
smooth manifold of critical points M C dfl. There exists Eq > such that if 
< e < Eo, then (1) has at least l(M) solutions that concentrate near points 
ofM. 

Proof Fix a ^-neighborhood M$ of M such that the only critical points 
of T in M s are those in M. We will take U = M 5 . 

For e sufficiently small, by (50) and Theorem 6.2, A £ possesses at least 
l(M) critical points, which are solutions of (5) by Lemma 4.1. Let Q £ £ M 
be one of these critical points, then uf e = Uq £ / £ + w(e,Q £ ) is a solution of 
(5). Therefore 

u?*(x/e) c U Qe/£ {x/e) = (^^) 
is a solution of (1). □ 



Moreover, when we deal with local minima (resp. maxima) of T, the 
preceding results can be improved because the number of positive solutions 
of (1) can be estimated by means of the category and M does not need to 
be a manifold. 

Theorem 6.4. Let (J) and (V) hold and suppose T has a compact set X C 
dfl where T achieves a strict local minimum (resp. maximum) , in the sense 
that there exist 5 > and a 6 -neighborhood X$ C dQ of X such that 

b = inf{r(Q) : Q £ dX s } >a = T ]x , (resp. sup{r(Q) : Q £ dX s } <T ]x ). 

Then there exists Eq > such that (1) has at least cai(X,Xs) solutions 
that concentrate near points of Xg, provided e £ (0, eo). Here cat(X, Xg) 
denotes the Lusternik-Schnirelman category of X with respect to X$- 

Proof We will treat only the case of minima, being the other one similar. 
We set Y = {Q £ X s : A £ (Q) < c (a + b)/2}. By (44) it follows that there 
exists Eq > such that 

icrcij, (5i) 
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provided e G (0, £o). Moreover, if Q G dXg then T(Q) ^ b and hence 
MQ) > c or(Q) + 0(e) > c b + 0(e). 

On the other side, if Q G Y then ^4 e (Q) ^ c (a + 6)/2. Hence, for e small, Y 
cannot meet dX$ and this readily implies that Y is compact. Then A £ pos- 
sesses at least cat(Y,Xs) critical points in Xg- Using (51) and the properties 
of the category one gets 

cat(Y,r) > c&t(X,X s ), 
and the result follows. □ 



Remark 6.5. Let us observe that the (a) of Theorem 1.1 is a particular case 
of Theorem 6.3 while the (b) of Theorem 1.1 is a particular case of Theorem 
6.1 

Let us now prove Theorem 1.2. 

Proof of Theorem 1.2 Let Q be a minimum point of S (the other case 
is similar) and let A C dQ be a compact neighborhood of Q such that 

min S < min E. 

A dA 

By (44) and Remark 5.3, it is easy to see that for e sufficiently small, there 
results: 

min A, < min A F . 

A dA 

Hence, A £ possesses a critical point Q £ in A. By Lemma 4.1 we have that 
u e,Q e — Uq £ / £ + w(e, Q £ ) is a critical point of f e and so a solution of problem 
(5). Therefore 



a 



£,Q, 



(x/e) ~ U Qe/E (x/e) = U*' 



X - Q e 



is a solution of (1). □ 
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